ResearchGate 


See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/324112315 


On Special Curves According to Darboux Frame in the Three Dimensional 
Lorentz Space 


Article in Cmc -Tech Science Press- - March 2018 


DOI: 10.3970/cmc.2018.054.229 


CITATION READS 
1 381 
1 author: 


M. Khalifa Saad 
< +»  Sohag University 
38 PUBLICATIONS 55 CITATIONS 


SEE PROFILE 


Some of the authors of this publication are also working on these related projects: 


Project Curves and Surfaces in Euclidean Space View project 


Project Curves and surfaces in Minkowski space View project 


All content following this page was uploaded by M. Khalifa Saad on 30 March 2018. 


The user has requested enhancement of the downloaded file. 


Copyright © 2018 Tech Science Press CMC, vol.54, no.3, pp.229-249, 2018 


On Special Curves According to Darboux Frame in the 
Three Dimensional Lorentz Space 


H. S. Abdel-Aziz! and M. Khalifa Saad!” * 


Abstract: In the light of great importance of curves and their frames in many different 
branches of science, especially differential geometry as well as geometric properties and 
the uses in various fields, we are interested here to study a special kind of curves called 
Smarandache curves in Lorentz 3-space. Then, we present some characterizations for these 
curves and calculate their Darboux invariants. Moreover, we classify TP, TU, PU and 
TPU-Smarandache curves of a spacelike curve according to the causal character of the 
vector, curve and surface used in the study. Besides, we give some of differential geometric 
properties and important relations between that curves. Finally, to demonstrate our 
theoretical results a computational example is given with graph. 


Keywords: Smarandache curves, spacelike curve, timelike surface, Darboux frame. 


1 Introduction 


The curves and their frames play an important role in differential geometry and in many 
branches of science such as mechanics and physics, so we are interested here in studying 
one of these curves which have many applications in Computer Aided Design (CAD), 
Computer Aided Geometric Design (CAGD) and mathematical modeling. Also, these 
curves can be used in the discrete model and equivalent model which are usually adopted 
for the design and mechanical analysis of grid structures [Dincel and Akbarov (2017)]. 
Smarandache Geometry is a geometry which has at least one Smarandachely denied axiom. 
It was developed by Smarandache [Smarandache (1969)]. We say that an axiom is 
Smarandachely denied if the axiom behaves in at least two different ways within the same 
space (i.e. validated and invalided, or only invalidated but in multiple distinct ways). 

AS a particular case, Euclidean, Lobachevsky-Bolyai-Gauss, and Riemannian geometries 
may be united altogether, in the same space, by some Smarandache geometries. 
Florentin Smarandache proposed a number of ways in which we could explore “new math 
concepts and theories, especially if they run counter to the classical ones”. 

In a manner consistent with his unique point of view, he defined several types of geometry 
that are purpose fully not Euclidean and that focus on structures that the rest of us can use 
to enhance our understanding of geometry in general. 


To most of us, Euclidean geometry seems self-evident and natural. This feeling is so strong 
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that it took thousands of years for anyone to even consider an alternative to Euclid’s 
teachings. These non-Euclidean ideas started, for the most part, with Gauss, Bolyai, and 
Lobachevski, and continued with Riemann, when they found counter examples to the 
notion that geometry is precisely Euclidean geometry. This opened a whole universe of 
possibilities for what geometry could be, and many years later, Smarandache’s imagination 
has wandered off into this universe [Howard (2002)]. Curves are usually studied as subsets 
of an ambient space with a notion of equivalence. For example, one may study curves in 
the plane, the usual three dimensional space, the Minkowski space, curves on a sphere, etc. 
In three-dimensional curve theory, for a differentiable curve, at each point a triad of 
mutually orthogonal unit vectors (Frenet frame vectors) called tangent, normal and 
binormal can be constructed. In the light of the existing studies about the curves and their 
properties, authors introduced new curves. One of the important of among curves called 
Smarandache curve which using the Frenet frame vectors of a given curve. Among all 
space curves, Smarandache curves have special emplacement regarding their properties, 
this is the reason that they deserve special attention in Euclidean geometry as well as in 
other geometries. It is known that Smarandache geometry is a geometry which has at least 
one Smarandache denied axiom [Ashbacher (1997)]. An axiom is said to be Smarandache 
denied, if it behaves in at least two different ways within the same space. 

Smarandache geometries are connected with the theory of relativity and the parallel 
universes and they are the objects of Smarandache geometry. 

By definition, if the position vector of a curve 6 is composed by Frenet frame’s vectors of 
another curve £ , then the curve ô is called a Smarandache curve [Turgut and Yilmaz 
(2008)]. The study of such curves is very important and many interesting results on these 
curves have been obtained by some geometers [Abdel-Aziz and Khalifa Saad (2015, 2017); 
Ali (2010); Bektas and Yunce (2013); Cetin and Kocayigit (2013); Cetin, Tunçer and 
Karacan (2014)); Khalifa Saad (2016)]. Turgut et al. [Turgut and Yilmaz (2008)] 


introduced a particular circumstance of such curves. They entitled it Smarandache TB, 
curves in the space E . Special Smarandache curves in such a manner that Smarandache 


curves TN,,TN,,N,N, and TN,N, with respect to Bishop frame in Euclidean 3 -space 
have been seeked for by Cetin et al. [Cetin, Tunçer and Karacan (2014)]. Furthermore, they 
worked differential geometric properties of these special curves and they checked out first 
and second curvatures of these curves. Also, they get the centers of the curvature spheres 
and osculating spheres of Smarandache curves. 

Recently, Abdel-Aziz et al. [Abdel-Aziz and Khalifa Saad (2015, 2016)] have studied 
special Smarandache curves of an arbitrary curve such as TN , TB and TNB with respect 
to Frenet frame in the three-dimensional Galilean and pseudo-Galilean spaces. Also in 
Abdel-Aziz et al. [Abdel-Aziz and Khalifa Saad (2017)], authors have studied 
Smarandache curves of a timelike curve lying fully on a timelike surface according to 
Darboux frame in Minkowski 3-space. 

In this work, for a given timelike surface and a spacelike curve lying fully on it, we study 
some special Smarandache curves with reference to Darboux frame in the three- 


dimensional Minkowski space E? . We are looking forward to see that our results will be 
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helpful to researchers who are specialized on mathematical modeling. 


2 Basic concepts 
Let Minkowski 3-space EP be the vector space Æ g provide with the Lorentzian inner 


product (, ) given by 
(X,X =x +x5—x5 


where X = (x1, X3, X3) cE . An arbitrary vector u in E? can have one of three 
Lorentzian causal characters; it can be spacelike, timelike and lightlike (null) if 
(u,u)>0 or u=0, (u,u)<Oand(u,u) =Oandu #0, respectively. Similarly, a 


curve r, locally parameterized by r = r(s): I C R — E? , where s is pseudo arc length 
parameter, is called a spacelike curve if (r'(s), r'(s)) > 0, timelike if (r’(s),r'(s) ) <0 
and lightlike if (r'(s),r'(s))=0 and r'(s)#0 for all sef . The vectors 
X =(X%,,%X),%,;),Y = (Y; Y2, Y3) € E; are orthogonal if and only if (X ,Y )=0 [O’Neil 
(1983)]. Also, the Lorentzian cross product of X and Y is given by 

Ei Ea mea 
XxY=x g gh 

Yi Yo Y3 
The norm of a vector v € E? is given by ||| = Kv, v )| . We denote by {T, N,B} the 


moving Frenet frame along the curve r(s) in the Minkowski space E , where the vectors 


T, N and B are called the tangent, principal normal and the binormal vectors of r, 
respectively. The following definition needs throughout this study. 


Definition 2.1 A surface Y in the Minkowski 3-space E is said to be spacelike, timelike 
surface if, respectively the induced metric on the surface is a positive definite Riemannian 
metric, Lorentz metric. In other words, the normal vector on the spacelike (timelike) 
surface is a timelike (spacelike) vector [O’'Neil (1983)]. 

3 Smarandache curves of a spacelike curve 


Let Y be an oriented timelike surface in Minkowski 3-space E and r=r(s) be a 
spacelike curve with timelike normal vector lying fully on it. Then, the Frenet equations of 
r(s) are given by 

T) (0 x O\)(T 

N |=|x 0 ciINI, (1) 

B) (0 t O}\B 


where a prime denotes differentiation with respect to s. For this frame the following are 
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satisfying 
(T,T) =(B,B)=1, (N,N) =-1L 
(T,N) =( T,B) =(N,B) =0. 
Let {T, P, U} be the Darboux frame of r(s) , then the relation between Frenet and 
Darboux frames takes the form [Do Carmo (1976); O’Neil (1983)]: 
T 1 0 0 T 
P|/=|0 cosh sinhé || N |, (2) 
U O sinh@ cosh@)\ B 
where T is the tangent vector of r and U is the unit normal to the surface ¥ and 


P = UxT. Therefore, the derivative formula of the Darboux frame of r(s) is in the 
following form: 


T\ (0 x, -x \T 


g n 
P |=| x, 0 z, |P} (3) 
UJ |x, 7, 0 JU 


The vectors T,P and U satisfy the following conditions: 
(T,T) =(U,U) =1, (P,P) =-1, 
(T,U) =(T,P)=(P,U) =0, 
TxP=-U, PxU=-T, UxT=P. 
In the differential geometry of surfaces, for a curve r =r(s) lying on a surface M , the 
following are well-known [Do Carmo (1976)] 
1) r(s) is a geodesic curve if and only if x, =0, 
2) r(s) is an asymptotic line if and only if x, =0, 
3) r(S) isa principal line if and only if T g 70. 
Definition 3.1 A regular curve in Minkowski space-time, whose position vector is 


composed by Frenet frame vectors on another regular curve, is called a Smarandache curve 
[Turgut and Yilmaz (2008)]. 


In the following, we investigate Smarandache curves TP, TU, PU and TPU , and 
study some of their properties for a curve lies on a surface as follows: 


3.1 TP-Smarandache curves 


Definition 3.2 Let Y be an oriented timelike surface in E? and the unit speed spacelike 


curve r=r(s) lying fully on YY with Darboux frame {T, P, U}. Then the TP- 
Smarandache curves of r are defined by 
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(TP). (4) 


Theorem 3.1 Let r =r(s) be a spacelike curve lying fully on a timelike surface in 


a(s)= 


E? with Darboux frame fT, P, U}, and non-zero curvatures; K,,«, and T, . Then the 


curvature functions of the TP-Smarandache curves of r satisfy the following equations: 















































a -|2 Gs = ye —@; - ao), (5) 
SEK + 3K, K, er, 6K,K, + ( 3K, -5K Fe (x, r, <, -r,)) 
(e-r) +K, K, =r, BK 5K, “+T ( K, + r,)) 
5K. K, ( K, +7, )}+2K ( K tr, )+( K, +7, e 
eo eee) 
es (4V2(27'«, -2«\«, +k, r, (2x, +3K, LK, *+7,>))) 


(6) 
Proof. Let @ = a(S) be a TP- Smarandache curve reference to a spacelike curve r. 


From Eq. (4) , we get 


da ds 1 
= — — = |x T+x,P+(c, -x,)U). 
ds ds z 8 & T, n) ) 
So, we have 
ds 1 
Z =—<(r, -«,), ) 


ds J2 


this leads to 
Pa =i T+x,P+(t ~«,)U). (8) 
(r. ie 8g 8 g 


n 


Differentiating Eq. (8) with respect to s and using Eq. (7), we obtain 


ae v2 (o,T+o,P+0,U), 
ds -rF i : i 





where 
B S a ; 3 
Q, =K,(r’, -K +(x, -r, Kx, +K, +K, T, K) 


= n Di Bat E É 2 2 
o, =K, (r, K, )+(k, r Nk, +K, K,T, +T, ) 


n 
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o, =-K,(«,-7,). 

Then, the curvature is given by 

dT, 
ds 
as denoted by Eq. (5). 

And the principal normal vector field of the curve @ is 








Ky 














= P L pV -o -o 
n “g 


N= OT +o,P + o,U 








a 


J a -o-o 
On the other hand, we express 
T P -U 


B, =-(TxN)= 





K (7, —K,)} 


-1 
K; & 
(T, -K,O -0-07 
a, QO, QO; 


So, the binormal vector of @ is given by 


B, = 1 =(@T + o,P + 0,U), 


oo 
(T, —K,)¥@, — @; — 0; 





where 

O, = (K, —T, )@,+K,@;, 

©, = (T, —K,)@,—K,Qs, 

O, = K,O,—K,Q@). 

Now, in order to calculate the torsion of @ , we consider the derivatives & "a" with 
respect to s as follows 


n 


ot ne 2 2 : 2 2 ee 4 a 
a= +r, kK, +K T(K, +7, -T K, +K) PH, —K, +K,T, K,K,)U} 


Si 


m de 
a" = gg AT + AP +40), 


where 

A, =(2r, —3K,)K, +T, +K, (3K, +K, 2K, + T, 2)4 K, 
A, =T, K, +T, —2x,)t, +, (3%, +K, 7+ T 2) K, 
A, = TK, —K,K, -(x, -r 2x, +K, 2K, + T, zy fe -K 


In the light of the above calculations, the torsion of @ is calculated as Eq. (6). 
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Lemma 3.1 Let @(5) bea spacelike curve lies on a timelike surface Y in Minkowski 3- 
3 
space E7 , then 


1) If @ isa geodesic curve, the following hold 


Qk +T 
K, = aa 
KaT, 


Fe ; 
= (x, -r,) (x, -x,t,) 





T 
a A/2 


2) If @ is an asymptotic line, the following hold 


k á 2 2 
: „petag Ten) 








3 ` 
Ta 


,(-3e7«, =r, Bx, +57, *)e, +r lele (r, +2(c, +7, ?))+ «7 eer) 
4/2(- 20K, rc, (2% + 3K, oe Ta >) 





T = 


R 


3) If æ is a principal line, the following hold 
Fo (a + 2x,(- 2k, 20K) "+ KK, 2) 





K, 3 > 





K 


K, ‘BKK, +K, Br, +5K, Vie, +K, (- K, (i, (5x. +2k, "2K, 2)4 K, )- KK, )) 
4/2(2K'K, +K, (- 2K, —3K, K, 2)) 





T= 
3.2 TU-Smarandache curves 
Definition 3.3 Let Y be an oriented timelike surface in E? and the unit speed spacelike 
curve r=r(s) lying fully on ¥ with Darboux frame {T, F, U} . Then the TU- 


Smarandache curves of r are defined by 


AE FAG +U). (9) 


Theorem 3.2 Let r=r(s) be a spacelike curve lying fully on a timelike surface in 
EP with Darboux frame {T, P, U}, and non-zero curvatures; KaK, and Ty. Then the 
curvature functions of the TU- Smarandache curves of r satisfy the following equations: 


dT 
ADE S E) (10) 


ds (x, +7,)° 


Kp = 
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f ! 2 2 : ' 2 2 2 mN 
K, 2x +K, T, ix. =T, )K, +2k, (x, =f; )+ (k, FT Jí, -Ka +T, )+ K, +r’) 
' 3 ' 2 s 2 2 3 
(K, +7, )K, +K,\K, + 2K, )+ KaK, JT 26 T, T, 
i l ; ee eee ee 
2T, K, +K BE, +T, +K,(-3K, FK, K, +T, JEK, 


S s : 2 2 
(K, +7 )K, +K (K +7, +K,(-2x, +e, +7,) ) 








ane ee tee” 
-2K T, -T K, +3r, }+«,[5] 3K, tK, K, +T, JEK, 


l A(k,+7,)K, 34l +K “Vie, (k +T 2 i 
Alt +T, ee l a. +K, Nbc, Lp Ps 2K. (k, TA 
(11) 


Proof. Let Bp = Bp (S) be a TU- Smarandache curve reference to a spacelike curve r. 





From Eq. (9) , we get 


: (,T +(x, +7, )P—«,U). (12) 


(tr Tk) 
Differentiating Eq. (12) with respect to s , we get 


dT, 2 
ds (x, +7, 





(eT +E, P + é,U), 


where 

Ej = (x, + TK, = (x, +T, ts -K? + AG +T, ))), 
SK (7? - x), 

E, = (- (x, + 7 )K, + (x, FE tet +K,- Tg (x, +T, ))). 
Therefore, the curvature K is given by 

ea A 

as denoted by Eq. (10). 
And principal normal vector field N of B is 


Kg = 

















N,- ET +e, P +U 
B 2 2 2° 
E — €, — & 


Besides, the binormal vector of J is 











= -1 = E < 
B, = >= (ET+2P +U) 
(T, FK, ) yE 787E; 


where 
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E&E = K€) +(x, +E, Jes, 
E, = -K,EZ KpE 
E, = (ic, +T, Je —K,&. 


Differentiating J with respect to s, we get 


1 ; E ; 
P=, +T,K, -K +K)T+(K, +T,—-T,K,+K,K, )P+(-K, +K,T, +T? -xŻ)U}, 
similarly, 


m 1 
p" = Jg MTH oP + pU), 
where 
4 = 26K: + K, Bx, + r,)+ K,(- 3K, + K, >= A+ Tg "jg K, 


a eA ‘ = D2 2 ee: 
My =(k, 7), +2«,(k, r, )+(k, +r, )(k, kK, HT, Jeni +r, 


" 


La = Det, + a (x, +37, )- K, (3x, +K, 2K, + Te Bye Kes 
It follows that, the torsion of J is expressed as in Eq. (11). 
Lemma 3.2 Let p (S) bea spacelike curve lies on Y in Minkowski 3-space E? , then 


1) If 2 isa geodesic curve, the following are satisfied 





' 3 g 2 k 2 3 2 3 5 
7 2(4r x, —4k, Kn Tg —20,K,T, + (2K +K, lr, )-2r, 
K; = po > 
& 





i 5 , ; 5 5 7 
x, 2x, =E \erix, —2K,T, +1,(-x, +T, Jr’) 
: ; 5 , . > 7 
-(t;x, +K,T,—T, J ix, (— 3x; —K, +T, J+!) 
; i s i F 
= +r, +r, )(-3¢,7, +«,BK, —K, +T; J+’) 
Bpo 4/2(4r, Kn AK, Ky 27-21, K,T 2y 2K, +K, > T,’ 
| ( g g < g ( Jeg 42) 


Tg 








2) If f is an asymptotic line, then 





ifs 
= (x, +r) (e,z, -1,K,) 


a 4V2(x, -r,) 


3) If 2 isa principal line, the following are satisfied 
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5 > 
K; 


D 10K, +7K,K, 74 2K, * ; oe 
—3K,K,K, +K,4\K, fh à ++, Jc’ 
-2(K, + 3x, \K, + 4k, 

' ' 2 2 2 3 ui 
K, +, («,(—3«, + 2k,, )+«,(-7K, K, + 2k, ~2«")) 
2 2 
+K (K, —4k, 


a! J 


"s (4./2(2«'«, *+K,°-2K,K, K, K, (4x: +3K, 2), “+ 4K K, 3)) 


5 ý 2 4 2 2 ' 3 3 i 2 
n - Pe —2K,K, x, -4K (K+K, )x, +4k,K, +K, (2x, +4, )) 
a= 











3.3 PU-Smarandache curves 


Definition 3.4 Let Y be an oriented timelike surface in E? and the unit speed spacelike 


curve r=r(s) lying fully on Y with Darboux frame {T, P, U}. Then the PU- 
Smarandache curves of r are defined by 


(5) = a5 (P+ U). (13) 


Theorem 3.3 Let r=r(s) be a spacelike curve lying fully on a timelike surface ¥ in 
E? with Darboux frame fT, P, U}, and non-zero curvatures; KaK, and (R Then the 


curvature functions of the PU-Smarandache curves of r satisfy the following equations: 

















_ |aT 

Ee m ap 5 VAG? - 53-63). (14) 
(x, +K,)T, +(x, +K Mc, -x ile, +K,)+ 22,*)) z 
2K,K, +K, 3K, +K, JHT, 3T, +K,’ —K,, +r? +T 


+U +K, T +K, K,+K, )-¢, +k, i, ) 
i : i 2 
(-2x,K, -K K, +3K,)+T, 3T, +K,’ -K, T, +T, 
j 2 2 
+T 2T, tK, K, +27,’ 


: i ' 2 2 2 i i 
. [( +r, +(x, +K, (27, +«, =K, +T, J+ + )| 








ee | (15) 
Ae a eC -%3 FA) 


Proof. Let y = y(5) be a PU-Smarandache curve reference to a spacelike curve r. From 
Eq. (13), we obtain 
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To ((x, +K, T+ P +r, U) (16) 


i lx, +«,)?-22,? 
Differentiating Eq. (16) with respect to s , we have 


dT ep 
22s T+é,P+2¢,U), 
foley ee 








where 


bi =1,(-2«, +K,)T, +(k, +K, 2r, +(k, +K,) = 2T, a) 
ae (x, +K,) (c, TK, (x, +K, JAC, TA +e )e, 
? +, e, je, 2r, $ l 


= 


~ +K,) K(k, +K,) (Kc, + K(k, ai] 
2 4 > 
+(k, +K, (x, +3K,)r, =L, 

and then, the curvature of y is given by 
dT, 1 

= 2 2 
ds lk, +k,) Ei 
which is denoted by Eq. (14). 
Based on the above calculations, we can express the principal normal vector of y as 








pv- es) 


K, 


























follows 
N, = GiT+6,P+¢3U 

(52-62-63 
Also, 
= =j = = as 
sa Cer ere 
where 


6 = Eba tT Ga; 

a =7,61 ale a 

a = T61 -(k, +K,)Cy. 

The derivatives 7 "and y "as follows 


n 


y = 35 Ke, +K,+7,K, ETK, )T +CT, +, +K,K, +7, PHI, —K,K, —K, +, yu} 
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m 


1 
y" =—=(v,T+v,P+v,U), 
V2 

where 

ae Oe 0 2 i 4 
V, =(K, +K,)T, +(x, +x, 2r, +K, Ky tT, )+ K, +K,» 

sae i EOS) 2 : 
V, =2K,K, +K (3K, +, + r Br, +K, K, HT; )+ Tas 

Se ee: 24.52 2 " 
V; =—2K,K, K(x, +3x, )+ r Br, +K, K, +T, )+ Ta? 
According to the above calculations, we obtain the torsion of y as in Eq. (15). 


Lemma 3.3 Let y(5) be a spacelike curve lies on Y in Minkowski 3-space E 3 then 


1) If y is a geodesic curve, the curvature and torsion of y are, respectively 





-2K, (2r? E 2r ie, K, +) 
Z : ' 2 
K, = 3 E +4K K, 2T, Ka Nr, 

K, —2T 2(-2«? +5x,")r, 16x, °7, *+8r, ° 
+2\-2K, +5K, Jt, —16K, T, +87, 
2 2 ; 2 i 
‘ Ar, KT + 3k, K,T +r (x, T, —2r") 

= a ey 2 2 3 y 
T,= -r (K, 8x, +4r, )+7, (x, ~2«")) 
24/2 R iar a : 
+n 27, KT HE 
2) If y is an asymptotic line, we get 
afa _'2 ' 2 4 
| —2k, (27° +27,K, FK; ) l 
r i; 2 v2 4 2 6 
+4 «(27 +K, Jr, +2- 2x +K, ìr, +8r, 


Cs oe >) 3 ? 
ix, —2r, 


2; 12, d 3 3 2 2: d 2 2 " 
1 Rae o 2K, (x, ET, +(2r, +x, +2f, re 








7 = 
y 2 7 ae hy 2 2 2 
2/2 +K,\K, ae Ta K AC, 3K, FAT, )+ T, (7K, T, +2f, )) 


3) If y is a principal line, the following hold 





2 2 
z=lo TK; ZK, 
A i 2 p 
(x, k,) 
af 9 ; 
= _(k, +,) CAA. 


i 17 
j EA (17) 
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3.4 TPU-Smarandache curves 
Definition 3.5 Let Y be an oriented timelike surface in E? and the unit speed spacelike 


curve r=r(s) lying fully on ¥ with Darboux frame {T, P, U}. Then the TPU- 
Smarandache curves of r are defined by 


(5) = ——(T+P +U). (18) 


ma 
Theorem 3.4 Let r=r(s) be a spacelike curve lying fully on a timelike surface ¥ in 


E? with Darboux frame fT, P, U}, and non-zero curvatures; K,,«, andt,. Then the 


curvature functions of the TPU-Smarandache curves of r satisfy the following equations: 























_ Idi 1 GEER) 
anjal dea erg p a (19) 
T= (D, +(x, -7, )D,) 
= 

oe 3 é A g) 
20) 


Proof. Let 6 = (S) be a TPU-Smarandache curve reference to a spacelike curve r. 
(íx, + K,)T + (x, ti; )P + (c, — x, )U) 
J2, -r Jic, +r) 


Differentiating (21) with respect to $ , we get 


Jl 





(21) 








dT, V3 
= T P 
ds kar te +60), 
where 


(x, +r Pe,- J7 (x, me ) Cs re J- 2K, lc, -7,) (x, +7,) 
= 
+K, — K, +T Ne +K,+2K eee 

Š, = (k, FT, JAG EK (k, + t,)+(«,- r, )(«, T A(x, («, +K) K,T, Tre *))) 
£ =le, =r, r,l, +«, )+«, («, -7, )-(k, +7, JK, + lk, -7, ix, +, +7,))). 
Then, the curvature is given by 

dT, 1 f [ 2 p2 2) 
ds Al, -7,) Uc, +r) Hor — $2 — 63 } 


as denoted in Eq. (19). 
And the principal normal vector field of 6 is 


Ks = 
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n _ST+EP+4U 
5 ; 
TE 
So, the binormal vector of & is 
2 =| le eee oe 
B, = —— (&T+£P+Z0U) 
Jr, T Ta Jk, z r,) éi B 5 z a 
where 
Åi = (x, = Ta é, t (x, + Ta k 
Ss a (r, a Ky Jé a (k, + Ky )é,, 
é, = (x, + Tg é, E (x, + K, Jé. 
For computing the torsion of 6 , we are going to differentiate 5’ with respect to $ as 
follows 














ó" = — 
v3 


and similarly 


a a ae ae ae 5 
1 (* HK, HK EK, +T, ee EK +T, HK, +K, K K,T +T, E 
d 


y 4 2 2 
HG, -K K, K, tT, K, -K +T, )U 


z: 1 
ô" =-= (nT +MP + 1U), 


v3 
where 
1 = 2r' (x, +, +e 3, +r, )+ K (3x, +r, )+(k, +x), °K, 7+ T, 2) +K,, 
h =-T K, +K Bic, +x, )+ 2x (kc, —r,)+ cae +(x, +T, Nx, °K, + T, zj K, +0, 
Ny = -K.(k, +3, )+ T (x, +3r,)—(x, =f, (2K, +K, 2e, + Ty 2)4 a -K.. 
In the light of the above derivatives, the torsion of 6 is computed as in Eq. (20), where 
[ '2 
T; (x, +x, )Bx, =k, +4r, ) 
2 2 
+K; (x, +2k, (5x, =2T,, )+ Ta (2x, +T, )) 
+2 (x, =t; Yi, (5x, +K,)+ (2%, — x, \(x, tK, T; Yi, +r, )+ K, +7") 
«Bx, *+6K,K, +K, +20, 2) K,—T, 
i 4 2 
—2r, (i, (5%, + 3k, ~2r, )+(x, +K, )(2K, +K (3%, —4r,)+«,(-K, +r,))) 
| +K, +K, 
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x? K,+T )-2x',E(x, -r,)-2x, 2K be —4r +k, (x, +1, -r +x") 





E 2K, Iher, )+ 2K, °K CK, +r,) 
a= +2 +x, (2x, 4-2K, T, —2K, T, +T ne -K n 2K ile, +7, -i ) 
ar deel enhe a lk le” +t, ee x’ +x") 


Thus the proof is completed. 
Lemma 3.4 Let (S) be a spacelike curve lies on Y in Minkowski 3-space E; , then 











E i TE Bai a > k x, +r,) | 

K; = +4, —T,) T AK, T, -T 

4 2 -K )'r, i +2r K (Kr, oe K, a se +r, )) 

ae 5 +26 (k, -T Nee ( Pa +T eJ K,T, JT, K,T, -rK ) , 
-2r (x (x, *+2t, ae le =r, \(c, x, +7, )+«")) 

2) If 6 is an asymptotic line, we have 


rx, -2r r e + 2x, (x, +r) | 
; 


1) If 6 isa geodesic curve, the curvature and torsion can be expressed as follows 
2 2 
-T x, (i -4r )+«?r,(2x, +7, ) | 





poe 


K ? +4K K, Ke +T 3) 


aos 3 1 

= ‘i hin +T Jer -K, Ti -K T, Se 3) 
& & 

x, BK, +4r H2rr, (5«\K, +2k, l(c +2K,?)r, +) 


T =f, K C +4, fe Pyr? -2r i) | 
— 2K, +K (2x, +T Jk 





1 


T,=—= 
° 343 
3) If ô isa principal line, we obtain 


1 2K,K,K, (x, + (Kc, —K, \íx, +K, ))- KK, ? 
K +K S| 











o0 | Lo 


K; = ma 
“ky (Hre, ee +4; [ky =x, Jie, Hy) tre,  +,)) 
ree n (x +4K \K, —K, \K, +, J+ 4K, \K, tK, 


K, K, Bx, + 10x, ) 


Ts 5 +2 (x (2K, -K,)(c, +x, +e, (5x, +, J+) ; 
3 ~ 1, (ke: +2k, (x, +K, Me, (x, +2k, "2K, ae 2x") 


4 Computational example 
In this section, we consider an example for a spacelike curve lying fully on an oriented 
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timelike ruled surface in E? (see Fig. 1(b)), and compute its Smarandache curves. 
Suppose we are given a timelike ruled surface represented as 

W(s,v) = (v2 sin s, J2 cos S, s)+ vh, J2 cos S,—v 2 sin s} 
where the spacelike base curve is given by (see Fig. 1(a)) 
r(s)= (v2 sin s, J2 cos s,s) 


and Q = (1 J2cos S,—v 2 sin s} is the ruling vector of ¥ . 











Figure 1: The spacelike curve r(s) on the timelike ruled surface Y 


So, we can compute the Darboux frame of Y as follows 


T= (v2 cos(s),—V/2 sin(s), 1} 
p- (2A1, A2,243) 
~ a 


where 


kd 





1—2v+ V2.cos(s)+ cos(2s)) = (1 +cos(2s)+ VJ2(.+v)sin (s)} 
+ (1 —J/2vcos(s)+ sin (2s)) 


sin(s) | sin(28) Yo” 


Al = -v-V2v cos(s)+ (+v) cos(2s)- E 


A2 = —V2 cos(s)+ 2cos(2s)— V2 cos(3s)— 20 + 2v + (1+v)sin(2s)), 
A3 = -v+ 2 cos(s)—vcos(2s)+ 2V/2(1+v) sin(s)—sin(2s), 






P= 
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and 

y - (Bh B2, B3) 
F 

where 


Bl=1+2v-4/2 cos(s)—cos(2s), 

B2=1-V2v cos(s)+ sin(2s), 

B3 = —1-cos(2s)- V2 +v)sin (s) 
According to Eq. (3), the geodesic curvature K, , the normal curvature K, and the geodesic 
torsion T, of the curve r are computed as follows 


(4v cos(s)+ VZ cos(2s)+ (2+ 4v)sin(s)+ V2 +vsin(2s)) 
| 3+4v+8v? —2,/2(1+ 6v) cos(s)+ 4(-1+ (-1+ v)v)cos(2s)+ | 





Kx, =(T,P)= 





2V2 cos(3s)—cos(4s)—2V2(1+ 2v) sin(s)+ 4sin(2s)—2V/2(1+ 2v)sin(3s) 


~4(4 4+ v(2+v)(7 + 2v)) + 2V2(7 + (4 + v13 +12v)))cos(s) 
+ v(11+ 4v(9 +2v))cos(2s)— V215 + 2v012 + v))cos(3s) 
+4(44+ v(7 + 6v))cos(4s)— J26 +4v) cos(5s)+ vcos(6s)+ 
2/2(14 + v(19 + 2v(5 + 2v)))sin(s)— (31+ 84v + 64v” )sin (2s) 
+ /2v(-5 + 6v + 8v")sin(3s)+ 2(4 +5v)sin(4s) 
+ /2(-4+ v(-3+ 2v))sin(5s)+ sin(6s) 
ai 7 4F° 
-7 —2v + J2(7+4v(2 + v))cos(s) + (2 + 6v) cos(2s) 
—/2(34 4v) cos(3s)+cos(4s)+ V2(4+ v9 + 4v)) sin(s) 
—2(2 + v(3 + 2v))sin(2s)+ V2(2 +v)sin(3s)—vsin(4s) 
34+4y48v? —2/2(1 + 6v)cos(s)+4(-1+ (-1+ vv) cos(2s)) 
+242 cos(3s) = cos(4s) —2,/2 (1+ 2) sin (s) 
+ 4sin(2s)—2/2(1 + 2v) sin(3s) 








In the case of ( s =O and v =O ), we have 
K, =2,K, =-V2,7, = 2(1-V2). 


TP — Smarandache curve 
For this curve æ =a(s) , (see Fig. 2(a)), we have 


a =(2,,0,,0;), 
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where 
~v—/2vcos(s)+ (1+v)cos(2s)— ss) +sin(2s)- anes) 
J2F 
per a V2 cos(s)+2cos(2s)— V2 cos(3s)— 20 + 2v + (1+ v) sin(2s)) 
2J2F 
1 —v++2cos(s)-veos(2s)+2V2(1+ v) sin(s)— sin (2s) 

+ = 

V2 J2F 


If we choose (s = 0) and (v = 0) , the curvature and torsion of Œ are 


K, = 7.89204, 7, =—-0.0122605. 


As the above, we can calculate the other Smarandache curves as follows: 





a, =cos(s)4 








a, = 


TU —Smarandache curve 
For this curve (see Fig. 2(b)), we have 


P =(Bo bb), 


where 


_ 1 1+2v -V2 cos(s)—cos(2s) 
B, =cos(s)+ gitet ot 





E: 1 1—2vcos(s)+ sin(2s) 
psi) F l 


1 1 [els Bosses) 





=—=+ 
A B 2 F 
and therefore ( s =0 and v=0 ) 
Kp = 5.12132, T= —0.538206. 


PU — Smarandache curve 


For this curve (see Fig. 3(a)), we have 
Az (Poar) 


7 V2 -2(1+v) cos(s) + 2V2v cos(s)’ —sin(s)+ V2 sin(2s)—sin(3s) 
pe 2F 
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_ —V2(+2v)cos(s)+ 2cos(2s)— V2 cos(3s)— 2v(2 + sin (2s) 








2/2F 
alae V2. cos(s)— (1+v)cos(2s)+ J2(1+¥) sin(s)—sin(2s) 


J2F 


2 





Kam 


and then (s = 0 and v =0) 


K, =3.22487, T, =-1.07994. 


TPU -Smarandache curve 
For this curve (see Fig. 3(b)), we have 


ô =(5,,6,,55), 
2(1+ v) -242 (1+ v)cos(s)+ 2vcos(2s)- V2 sin(s)+2sin(2s) 


5- s (-1-2v+ VZ cos(s)+ cos(2s)}, 
' 2/3F | 42/2 cos(s), |- (1 +cos(2s)+ V2(+v) sin(s)) —J2 sin (3s) 
+ (1 —J2v cos(s)+ sin (2s)) 








4v + /2(1+2v) cos(s)—2cos(2s)+ V2 cos(3s)+ 2vsin (2s) 
( 1—2v+ V2 cos(s) + cos(2s)), 


te 
—2N3F) — +2N2sin(s),|-(1+cos(2s) + V24 +v)sin(s) 
+ (1 —J/2v cos(s)+ sin(2s)) 


-1-v+ V2cos(s)- (1+ v)cos(2s)+ V2(1+v)sin(s)—sin(2s) 
(s)+ cos(2s)) = ( + cos(2s)+ V2(1+v) sin(s)} > 


pe (1-214 V2cos 
JBF | Fs ( ~J/2vcos(s)+ sin (2s)) 





it follows that ( s =O and v=O ) 


K; =1.6945, T, =—0.831341. 
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Figure 3: The PU and TPU-Smarandache curves y and 6 of the spacelike curve r 


5 Conclusion 

In this study, Smarandache curves of a given spacelike curve with timelike normal lying 
on a timelike surface in the three-dimensional Minkowski space are investigated. 
According to the Lorentzian Darboux frame the curvatures and some characterizations for 
these curves are obtained. Finally, for confirming our main results, an example is given 
and plotted. 
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